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Avalon MATHS VECTOR RATIOS AND INTERSECTIONS

Vector basics recap
A vector has a length and a direction. Moving an arrow to a different place does not change the vector,
provided its length and direction stay the same.
−−→
𝐴𝐵 is the vector from A to B; 𝐴𝐵 is the length of the line segment. Bold italic letters, such as 𝒎 and 𝒏, also
stand for vectors.

Multiplying a vector

𝒎 The original vector.

2𝒎 Twice the length, in the same direction.

1
2𝒎 Half the length, in the same direction.

−𝒎 The same length, in the opposite direction.

A positive multiplier keeps the direction; a negative multiplier reverses it.

Adding vectors

Follow the first vector, then the second. The sum takes you directly from the starting point to the finishing
point.

𝒎

𝒏𝒎 + 𝒏

𝑂

𝐴

𝐵

−−→
𝑂𝐵 =

−−→
𝑂𝐴 + −−→

𝐴𝐵

−−→
𝑂𝐵 = 𝒎 + 𝒏

𝑂 to 𝐴, then 𝐴 to 𝐵, gives the samemovement as𝑂
to 𝐵.

To subtract a vector, add its opposite. For example, 𝒎 − 𝒏 = 𝒎 + (−𝒏).

Useful skills: fractions, ratios, expanding brackets and solving simultaneous equations.
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Avalon MATHS VECTOR RATIOS AND INTERSECTIONS

Vector basics recap
From a ratio to a fraction

If 𝑃 lies between 𝐴 and 𝐵 with 𝐴𝑃 : 𝑃𝐵 = 2 : 3, the whole 𝐴𝐵 has five equal parts. Thus
−−→
𝐴𝑃 = 2

5

−−→
𝐴𝐵, in the

same direction.

𝐴 𝑃 𝐵

2 parts 3 parts

Lengths and directions

A length ratio gives sizes. Use the order of the points to find the vector directions. For 𝐴, 𝐵,𝐶 in that order,
𝐵𝐴 = 1

3𝐵𝐶 gives
−−→
𝐵𝐴 = −1

3

−−→
𝐵𝐶: 𝐵𝐴 points back towards 𝐴.

Parallel vectors

Two non-zero vectors are parallel when one is a scalar multiple of the other: 𝒖 = 𝜆𝒗. The samemultiplier 𝜆
applies to the whole vector. Ignore the sign to find the length factor. A negative sign reverses the direction.

Why coefficient comparison works

Suppose 𝑎𝒎 + 𝑏𝒏 = 𝑐𝒎 + 𝑑𝒏. Rearranging gives (𝑎 − 𝑐)𝒎 = (𝑑 − 𝑏)𝒏. If 𝒎 and 𝒏 are non-zero and
non-parallel, a non-zero multiple of one cannot equal a multiple of the other. Both coefficients must therefore
be zero: 𝑎 = 𝑐 and 𝑏 = 𝑑.
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Avalon MATHS VECTOR RATIOS AND INTERSECTIONS

1A **

Reversing vectors and using ratios
Example Problem

𝐴, 𝐵,𝐶 and 𝐷 lie on a straight line in that order.
𝐴𝐵 : 𝐵𝐶 = 2 : 3,𝐶𝐷 = 1

2 𝐴𝐶 and
−−→
𝐴𝐶 = 𝒎.

(a) Express
−−→
𝐵𝐴 in terms of 𝒎.

(b) Express −−→𝐵𝐷 in terms of 𝒎.

(c) Express
−−→
𝐷𝐴 in terms of 𝒎.

𝐴
𝐵 𝐶

𝐷

The idea

1. Use the ratio to find the fraction of the whole segment
represented by each part.

2. Build a longer vector by adding vectors along a route.

3. Reverse a vector by changing its sign.

𝒎

1
2𝒎

𝐴
𝐵

𝐶
𝐷

𝐴𝐵 : 𝐵𝐶 = 2 : 3

Worked Solution

(a) 𝐴𝐵 : 𝐵𝐶 = 2 : 3 Of five equal parts in 𝐴𝐶, 𝐴𝐵 has two and 𝐵𝐶 has
three.

−−→
𝐴𝐵 =

2

5
𝒎 𝐴𝐵 is two fifths of the whole vector 𝐴𝐶.

−−→
𝐵𝐴 = −2

5
𝒎 𝐵𝐴 points in the opposite direction to 𝐴𝐵.

(b) −−→
𝐵𝐷 =

−−→
𝐵𝐶 + −−→

𝐶𝐷 Travel from 𝐵 to𝐶, then from𝐶 to 𝐷.

−−→
𝐵𝐷 =

3

5
𝒎 + 1

2
𝒎 𝐵𝐶 has three of the five parts;𝐶𝐷 is half of 𝐴𝐶.

−−→
𝐵𝐷 =

11

10
𝒎 Add the fractions using denominator 10.

(c)
−−→
𝐴𝐷 = 𝒎 + 1

2
𝒎 =

3

2
𝒎 Travel from 𝐴 to𝐶, then from𝐶 to 𝐷.

−−→
𝐷𝐴 = −3

2
𝒎 Reverse the direction to get 𝐷𝐴.
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Avalon MATHS VECTOR RATIOS AND INTERSECTIONS

1A Reversing vectors and using ratios **

Q1 **
𝐴, 𝐵,𝐶 and 𝐷 lie on a straight line in that order.
𝐴𝐵 : 𝐵𝐶 = 3 : 4,𝐶𝐷 = 2

7 𝐴𝐶 and
−−→
𝐴𝐶 = 𝒎.

(a) Express
−−→
𝐵𝐴 in terms of 𝒎.

(b) Express −−→𝐵𝐷 in terms of 𝒎.

(c) Express
−−→
𝐷𝐴 in terms of 𝒎.

𝐴
𝐵 𝐶

𝐷

Q2 **
𝐴, 𝐵,𝐶 and 𝐷 lie on a straight line in that order.
𝐴𝐵 : 𝐵𝐶 : 𝐶𝐷 = 2 : 1 : 3 and

−−→
𝐷𝐴 = 𝒏.

(a) Express
−−→
𝐴𝐶 in terms of 𝒏.

(b) Express −−→𝐵𝐷 in terms of 𝒏.

(c) Express
−−→
𝐶𝐵 in terms of 𝒏.

𝐴
𝐵 𝐶

𝐷

5



Avalon MATHS VECTOR RATIOS AND INTERSECTIONS

1A Reversing vectors and using ratios **

Q3 **
𝐴, 𝐵 and𝐷 lie on a straight line in that order. 𝐶 is the
midpoint of 𝐵𝐷.
−−→
𝐴𝐷 = 6𝒎 and 𝐴𝐵 : 𝐵𝐷 = 1 : 2.

(a) Express
−−→
𝐴𝐶 in terms of 𝒎.

(b) Express
−−→
𝐶𝐴 in terms of 𝒎.

(c) Express
−−→
𝐵𝐶 in terms of 𝒎.

𝐴
𝐵

𝐶
𝐷

Q4 **
𝐴, 𝐵,𝐶 and 𝐷 lie on a straight line in that order.
𝐵𝐶 : 𝐶𝐷 = 3 : 2, 𝐵𝐴 = 1

3𝐵𝐶 and
−−→
𝐶𝐷 = 4𝒎.

(a) Express
−−→
𝐴𝐷 in terms of 𝒎.

(b) Express
−−→
𝐷𝐴 in terms of 𝒎.

(c) Express
−−→
𝐴𝐶 in terms of 𝒎.

𝐴
𝐵

𝐶
𝐷
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Avalon MATHS VECTOR RATIOS AND INTERSECTIONS

1B ***

Vector routes in triangles
Example Problem

𝑂𝐴𝐵 is a triangle with
−−→
𝑂𝐴 = 𝒎 and

−−→
𝑂𝐵 = 𝒏.

𝑃 lies on 𝐴𝐵 with 𝐴𝑃 : 𝑃𝐵 = 2 : 3.
Express

−−→
𝑂𝑃 in terms of 𝒎 and 𝒏.

𝑂 𝐴

𝐵

𝑃

The idea

1. Find 𝐴𝐵 using the route A to𝑂 to 𝐵.

2. Use the given ratio to find 𝐴𝑃 as a fraction of 𝐴𝐵.

3. Add𝑂𝐴 and 𝐴𝑃 to reach 𝑃 from𝑂.

𝒎

𝒏

𝑂 𝐴

𝐵

𝑃

𝐴𝑃 : 𝑃𝐵 = 2 : 3

Worked Solution

−−→
𝐴𝐵 =

−−→
𝐴𝑂 + −−→

𝑂𝐵 Use𝑂 to connect the two given vectors.

−−→
𝐴𝐵 = −𝒎 + 𝒏 𝐴𝑂 is the reverse of𝑂𝐴.

−−→
𝐴𝑃 =

2

5

−−→
𝐴𝐵 The ratio 2:3 gives 𝐴𝑃 two of the five equal parts

in 𝐴𝐵.
−−→
𝐴𝑃 =

2

5
(−𝒎 + 𝒏) Substitute the expression for 𝐴𝐵.

−−→
𝑂𝑃 =

−−→
𝑂𝐴 + −−→

𝐴𝑃 Follow the route𝑂 to 𝐴 to 𝑃.

−−→
𝑂𝑃 = 𝒎 + 2

5
(−𝒎 + 𝒏) Replace𝑂𝐴 and 𝐴𝑃 by their expressions.

−−→
𝑂𝑃 = 𝒎 − 2

5
𝒎 + 2

5
𝒏 Multiply both terms inside the brackets.

−−→
𝑂𝑃 =

3

5
𝒎 + 2

5
𝒏 Collect the multiples of each vector.
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Avalon MATHS VECTOR RATIOS AND INTERSECTIONS

1B Vector routes in triangles ***

Q5 ***
𝑂𝐴𝐵 is a triangle with

−−→
𝑂𝐴 = 𝒎 and

−−→
𝑂𝐵 = 𝒏.

𝑃 lies on 𝐴𝐵 with 𝐴𝑃 : 𝑃𝐵 = 1 : 3.

(a) Express
−−→
𝑂𝑃 in terms of 𝒎 and 𝒏.

(b) Express −−→𝑃𝐵 in terms of 𝒎 and 𝒏.

𝑂 𝐴

𝐵

𝑃

Q6 ***
𝑂𝐴𝐵 is a triangle with

−−→
𝑂𝐴 = 𝒎 and

−−→
𝑂𝐵 = 𝒏.

𝑃 lies on 𝑂𝐴 with 𝑂𝑃 : 𝑃𝐴 = 3 : 2. 𝑄 lies on 𝑂𝐵

with𝑂𝑄 : 𝑄𝐵 = 2 : 1.

(a) Express
−−→
𝑃𝑄 in terms of 𝒎 and 𝒏.

(b) Write down
−−→
𝑄𝑃.

𝑂

𝐴

𝐵

𝑃

𝑄
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Avalon MATHS VECTOR RATIOS AND INTERSECTIONS

1B Vector routes in triangles ***

Q7 ***
𝑂𝐴𝐵 is a triangle with

−−→
𝑂𝐴 = 2𝒎 and

−−→
𝑂𝐵 = 3𝒏.

𝑀 is the midpoint of 𝑂𝐴. 𝑃 lies on 𝐴𝐵 with 𝐴𝑃 :

𝑃𝐵 = 3 : 1.
Express

−−→
𝑀𝑃 in terms of 𝒎 and 𝒏.

𝑂 𝐴

𝐵

𝑀

𝑃

Q8 ***
𝐴𝐵𝐶 is a triangle with

−−→
𝐴𝐵 = 𝒎 and

−−→
𝐴𝐶 = 𝒏.

𝐷 lies on 𝐵𝐶 with 𝐵𝐷 : 𝐷𝐶 = 2 : 1. 𝐸 lies on 𝐴𝐶

with 𝐴𝐸 : 𝐸𝐶 = 1 : 3.

(a) Express −−→𝐷𝐸 in terms of 𝒎 and 𝒏.

(b) Check your answer using a different route.

𝐴

𝐵

𝐶

𝐷

𝐸
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Avalon MATHS VECTOR RATIOS AND INTERSECTIONS

1C ***

Diagonals, midpoints and extensions
Example Problem

𝑂𝐴𝐵𝐶 is a parallelogram.
−−→
𝑂𝐴 = 𝒎 and

−−→
𝑂𝐵 = 𝒏.

𝑀 is the midpoint of 𝐵𝐶.

(a) Express
−−→
𝐴𝑀 in terms of 𝒎 and 𝒏.

(b) Express
−−→
𝐶𝑀 in terms of 𝒎 and 𝒏.

𝑂 𝐴

𝐵
𝐶

𝑀

The idea

1. Notice that the given vector 𝒏 is a diagonal, rather than a
side.

2. Use a route through𝑂 to find 𝐴𝐵.

3. Use the midpoint and the directions of opposite sides to
reach 𝑀 .

𝒎

𝒏

𝑂 𝐴

𝐵
𝐶

𝑀

𝐶𝑀 : 𝑀𝐵 = 1 : 1

Worked Solution

(a)
−−→
𝐴𝐵 =

−−→
𝐴𝑂 + −−→

𝑂𝐵 Travel from 𝐴 to𝑂 to 𝐵. The diagonal𝑂𝐵 is 𝒏.

−−→
𝐴𝐵 = −𝒎 + 𝒏 Reverse𝑂𝐴, then add𝑂𝐵.

−−→
𝐵𝐶 = −𝒎 𝐵𝐶 has the same length as𝑂𝐴 and the opposite

direction.

−−→
𝐵𝑀 = −1

2
𝒎 𝑀 is the midpoint of 𝐵𝐶.

−−→
𝐴𝑀 =

−−→
𝐴𝐵 + −−→

𝐵𝑀 Follow the route A to 𝐵 to 𝑀 .

−−→
𝐴𝑀 = −𝒎 + 𝒏 − 1

2
𝒎 Substitute the two expressions.

−−→
𝐴𝑀 = −3

2
𝒎 + 𝒏 Collect the multiples of 𝒎.

(b)
−−→
𝐶𝑀 =

1

2
𝒎 𝐶𝐵 has the same length and direction as𝑂𝐴

because𝑂𝐴𝐵𝐶 is a parallelogram. 𝑀 is the
midpoint of𝐶𝐵, so𝐶𝑀 is half of𝑂𝐴.
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Avalon MATHS VECTOR RATIOS AND INTERSECTIONS

1C Diagonals, midpoints and extensions ***

Q9 ***
𝑂𝐴𝐵𝐶 is a parallelogramwith

−−→
𝑂𝐴 = 𝒎 and

−−→
𝑂𝐵 = 𝒏.

𝑃 lies on 𝑂𝐶 with 𝑂𝑃 : 𝑃𝐶 = 2 : 1. 𝑄 lies on 𝐴𝐵

with 𝐴𝑄 : 𝑄𝐵 = 1 : 2.
Express

−−→
𝑃𝑄 in terms of 𝒎 and 𝒏.

𝑂 𝐴

𝐵𝐶

𝑃 𝑄

Q10 ***
𝐴𝐵𝐶𝐷 is a trapezium with

−−→
𝐴𝐵 = 𝒎,

−−→
𝐴𝐷 = 𝒏 and

−−→
𝐷𝐶 = 3

2𝒎.
𝑀 is the midpoint of 𝐴𝐷. 𝑁 lies on 𝐵𝐶 with 𝐵𝑁 :

𝑁𝐶 = 1 : 2.

(a) Express −−−→𝑀𝑁 in terms of 𝒎 and 𝒏.

(b) Express
−−→
𝑁𝐶 in terms of 𝒎 and 𝒏.

𝐴 𝐵

𝐶
𝐷

𝑀
𝑁
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Avalon MATHS VECTOR RATIOS AND INTERSECTIONS

1C Diagonals, midpoints and extensions ***

Q11 ***
𝐴𝐵𝐶 is a triangle with

−−→
𝐴𝐵 = 𝒎 and

−−→
𝐴𝐶 = 𝒏.

𝐷 lies on 𝐴𝐵 with 𝐴𝐷 : 𝐷𝐵 = 2 : 3. 𝐴𝐶 is extended
beyond𝐶 to 𝐸 , where𝐶𝐸 = 1

4 𝐴𝐶. 𝐹 is themidpoint
of 𝐷𝐸 .

(a) Express −−→𝐵𝐹 in terms of 𝒎 and 𝒏.

(b) Express
−−→
𝐶𝐹 in terms of 𝒎 and 𝒏.

𝐴 𝐵

𝐶

𝐷

𝐸

𝐹

Q12 ***
𝑂𝐴𝐵𝐶 is a parallelogramwith

−−→
𝑂𝐴 = 𝒎 and

−−→
𝑂𝐶 = 𝒏.

𝑀 lies on 𝐴𝐵 with 𝐴𝑀 : 𝑀𝐵 = 2 : 1. 𝑁 lies on 𝑂𝐶

with𝑂𝑁 : 𝑁𝐶 = 1 : 2. 𝑇 is the midpoint of 𝑀𝑁 .

(a) Find
−−→
𝑂𝑇 in terms of 𝒎 and 𝒏.

(b) Use your result to decide whether 𝑇 is the
midpoint of𝑂𝐵. Explain your answer.

𝑂 𝐴

𝐵𝐶

𝑀

𝑁

𝑇
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Avalon MATHS VECTOR RATIOS AND INTERSECTIONS

2A **

Finding unknown coefficients
In Section 2, 𝒎 and 𝒏 have positive lengths and are not parallel, unless a question says otherwise.
For equal vectors, the coefficient of 𝒎must match on both sides, and the coefficient of 𝒏must also match.

Example Problem

Find 𝑥 and 𝑦 if 𝑥𝒎 + (𝑦 − 1)𝒏 = 3𝒎 + 4𝒏.

The idea

1. A coefficient is the number multiplying a vector. For example, the coefficient of 𝒎 in 3𝒎 is 3.

2. If equal vectors are written using the same two non-parallel vectors, compare their coefficients separately.

Worked Solution

𝑥𝒎 + (𝑦 − 1)𝒏 = 3𝒎 + 4𝒏 The two sides describe the same vector.

𝑥 = 3 Compare the coefficients of 𝒎.

𝑦 − 1 = 4 Compare the coefficients of 𝒏.

𝑦 = 5 Add 1 to both sides of the second equation.

𝑥 = 3, 𝑦 = 5 These values satisfy both equations at the same
time.
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Avalon MATHS VECTOR RATIOS AND INTERSECTIONS

2A Finding unknown coefficients **

Q13 **
Find 𝑥 and 𝑦 if (𝑥 − 2)𝒎 + (𝑦 + 3)𝒏 = 4𝒎 − 2𝒏.

Q14 **
Find 𝑝 and 𝑞 if (2𝑝 + 1)𝒎 + (3 − 𝑞)𝒏 = 7𝒎.

Q15 **
𝑥(𝒎 + 𝒏) + 𝑦(𝒎 − 𝒏) = 7𝒎 + 𝒏 and 𝑦 = 3.
Find 𝑥.

Q16 **
For this question only, 𝒏 = 2𝒎.
𝑥𝒎 + 𝑦𝒏 = 6𝒎.

(a) Find 𝑥 when 𝑦 = 1.

(b) Find 𝑥 when 𝑦 = 2.
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Avalon MATHS VECTOR RATIOS AND INTERSECTIONS

2B ***

Forming simultaneous equations
Example Problem

Find 𝑥 and 𝑦 if 𝑥(2𝒎 − 𝒏) + 𝑦(𝒎 + 3𝒏) = 7𝒎 + 7𝒏.

The idea

1. Expand the brackets and collect all the multiples of 𝒎 and all the multiples of 𝒏.

2. Compare coefficients to obtain two simultaneous equations.

3. Solve the equations, then check both values in the original coefficients.

Worked Solution

𝑥(2𝒎 − 𝒏) + 𝑦(𝒎 + 3𝒏) = 7𝒎 + 7𝒏 Start with the given vector equation.

2𝑥𝒎 − 𝑥𝒏 + 𝑦𝒎 + 3𝑦𝒏 = 7𝒎 + 7𝒏 Expand both brackets.

(2𝑥 + 𝑦)𝒎 + (−𝑥 + 3𝑦)𝒏 = 7𝒎 + 7𝒏 Collect the termsmultiplying each vector.

2𝑥 + 𝑦 = 7 Compare the coefficients of 𝒎.

−𝑥 + 3𝑦 = 7 Compare the coefficients of 𝒏. We now have two
simultaneous equations.

𝑦 = 7 − 2𝑥 Rearrange the first equation to make 𝑦 the
subject.

−𝑥 + 3(7 − 2𝑥) = 7 Substitute into the second equation.

−7𝑥 = −14 Expand and collect terms.

𝑥 = 2, 𝑦 = 3 Find 𝑥, then substitute into 𝑦 = 7 − 2𝑥.

2(2) + 3 = 7, −2 + 3(3) = 7 Check both coefficients, not just one.
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Avalon MATHS VECTOR RATIOS AND INTERSECTIONS

2B Forming simultaneous equations ***

Q17 ***
Find 𝑥 and 𝑦 if 𝑥(3𝒎 + 𝒏) + 𝑦(𝒎 − 2𝒏) = 11𝒎 − 𝒏.

Q18 ***
Find 𝑥 and 𝑦 if (𝑥 − 2𝑦)𝒎 + (3𝑥 + 𝑦)𝒏 = −5𝒎 + 13𝒏.
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Avalon MATHS VECTOR RATIOS AND INTERSECTIONS

2B Forming simultaneous equations ***

Q19 ***
Find 𝑥 and 𝑦 if 𝑥

2 (𝒎 + 2𝒏) − 𝑦(2𝒎 − 𝒏) = −𝒎 + 8𝒏.

Q20 ***
Find 𝑥 and 𝑦 if (2𝑥 − 𝑦) (𝒎 − 𝒏) + (𝑥 + 𝑦) (2𝒎 + 𝒏) =
10𝒎 − 7𝒏.
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Avalon MATHS VECTOR RATIOS AND INTERSECTIONS

2C ***

Parallel vectors: length and direction
Example Problem

𝒖 = (𝑟 + 1)𝒎 + 6𝒏 and 𝒗 = 2𝒎 + 3𝒏 are parallel.

(a) Find 𝑟.
(b) Howmany times as long as 𝒗 is 𝒖? Do they point in the same or opposite directions?

The idea

1. Parallel vectors aremultiples of one another. Write 𝒖 = 𝜆𝒗, where the Greek letter 𝜆 stands for an unknown
number.

2. Compare the coefficients of 𝒎 and 𝒏 to find 𝜆 and 𝑟. The size of 𝜆 tells you the length factor; a negative
sign reverses the direction.

Worked Solution

(a) 𝒖 = 𝜆𝒗 Introduce the unknown scale factor.

(𝑟 + 1)𝒎 + 6𝒏 = 𝜆(2𝒎 + 3𝒏) Substitute the given expressions.

(𝑟 + 1)𝒎 + 6𝒏 = 2𝜆𝒎 + 3𝜆𝒏 Multiply both terms inside the brackets by 𝜆.

𝑟 + 1 = 2𝜆 Compare the coefficients of 𝒎.

6 = 3𝜆 Compare the coefficients of 𝒏. These are
simultaneous equations for 𝑟 and 𝜆.

𝜆 = 2 Divide the second equation by 3.

𝑟 + 1 = 4 Substitute 𝜆 = 2 into the first equation.

𝑟 = 3 Subtract 1. The vectors have the same direction
because 𝜆 is positive.

(b) 𝒖 = 2𝒗 Twice as long, in the same direction.
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Avalon MATHS VECTOR RATIOS AND INTERSECTIONS

2C Parallel vectors: length and direction ***

Q21 ***
𝒖 = (𝑝 − 1)𝒎 + 8𝒏 and 𝒗 = 3𝒎 + 2𝒏.

(a) Find 𝑝 so that 𝒖 and 𝒗 are parallel.

(b) Describe the length of 𝒖 compared with 𝒗, and
state whether their directions are the same or
opposite.

Q22 ***
𝒖 = 4𝒎 + (𝑞 + 1)𝒏 and 𝒗 = −2𝒎 + 3𝒏.

(a) Find 𝑞 so that 𝒖 and 𝒗 are parallel.
(b) Describe the length of 𝒖 compared with 𝒗, and

state whether their directions are the same or
opposite.
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2C Parallel vectors: length and direction ***

Q23 ***
𝒖 = (𝑘 + 2)𝒎 + (2𝑘 − 1)𝒏 and 𝒗 = 2𝒎 + 5𝒏.

(a) Find 𝑘 so that 𝒖 and 𝒗 are parallel.

(b) Describe the length of 𝒖 compared with 𝒗, and
state whether their directions are the same or
opposite.

Q24 ***
𝒖 = (2𝑡 − 1)𝒎 + (𝑡 + 2)𝒏 and 𝒗 = 3𝒎 − 𝒏.

(a) Find 𝑡 so that 𝒖 and 𝒗 are parallel.
(b) Describe the length of 𝒖 compared with 𝒗, and

state whether their directions are the same or
opposite.

(c) Find the scale factor 𝜆 such that 𝒖 = 𝜆𝒗.

20



Avalon MATHS VECTOR RATIOS AND INTERSECTIONS

3A ****

Finding ratios using parallel lines
Example Problem

𝑂𝐴𝐵 is a triangle with
−−→
𝑂𝐴 = 𝒎 and

−−→
𝑂𝐵 = 𝒏.

𝑀 lies on𝑂𝐴with𝑂𝑀 : 𝑀𝐴 = 2 : 3. 𝑃 lies on 𝐴𝐵 and 𝑀𝑃 is parallel to𝑂𝐵.

Use vectors to find 𝐴𝑃 : 𝑃𝐵.

𝑂 𝐴

𝐵

𝑀

𝑃

The idea

1. Write
−−→
𝐴𝑃 = 𝑡

−−→
𝐴𝐵, where 𝑡 is the unknown fraction of 𝐴𝐵.

2. Use𝑂 to 𝐴 to 𝑃 to find𝑂𝑃. Then subtract𝑂𝑀 to find𝑀𝑃.

3. Since 𝑀𝑃 is parallel to𝑂𝐵, write
−−→
𝑀𝑃 = 𝜆

−−→
𝑂𝐵. Compare

the 𝒎 coefficients to find 𝑡.

4. Convert the fraction 𝑡 into the ratio 𝐴𝑃:𝑃𝐵.

𝒎

𝒏

𝜆𝒏

𝑂 𝐴

𝐵

𝑀

𝑃

𝑂𝑀 : 𝑀𝐴 = 2 : 3
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3A Finding ratios using parallel lines

Worked Solution

1. Express OP using the unknown fraction

−−→
𝐴𝑃 = 𝑡

−−→
𝐴𝐵 The number 𝑡 tells us how far 𝑃 is along 𝐴𝐵.

−−→
𝐴𝐵 =

−−→
𝐴𝑂 + −−→

𝑂𝐵 Find 𝐴𝐵 by travelling through𝑂.

−−→
𝐴𝐵 = −𝒎 + 𝒏 𝐴𝑂 is the reverse of𝑂𝐴.

−−→
𝑂𝑃 =

−−→
𝑂𝐴 + −−→

𝐴𝑃 Follow𝑂 to 𝐴 to 𝑃.

−−→
𝑂𝑃 = 𝒎 + 𝑡

−−→
𝐴𝐵 Replace 𝐴𝑃 by 𝑡 times 𝐴𝐵.

−−→
𝑂𝑃 = 𝒎 + 𝑡 (−𝒎 + 𝒏) Substitute the expression for 𝐴𝐵.

−−→
𝑂𝑃 = (1 − 𝑡)𝒎 + 𝑡𝒏 Expand and collect terms.

2. Express MP

−−−→
𝑂𝑀 =

2

5
𝒎 𝑂𝑀 : 𝑀𝐴 = 2 : 3, so𝑂𝑀 has two of the five

equal parts of𝑂𝐴.
−−→
𝑂𝑃 =

−−−→
𝑂𝑀 + −−→

𝑀𝑃 The route𝑂 to 𝑀 to 𝑃 reaches the same point 𝑃.

−−→
𝑀𝑃 =

−−→
𝑂𝑃 − −−−→

𝑂𝑀 Subtract𝑂𝑀 from both sides.

−−→
𝑀𝑃 = (1 − 𝑡)𝒎 + 𝑡𝒏 − 2

5
𝒎 Substitute the expressions already found.

−−→
𝑀𝑃 = (3

5
− 𝑡)𝒎 + 𝑡𝒏 Collect the multiples of 𝒎.

3. Use the parallel lines and interpret t

−−→
𝑀𝑃 = 𝜆

−−→
𝑂𝐵 𝑀𝑃 is parallel to𝑂𝐵, so it is a multiple of𝑂𝐵.

(3
5
− 𝑡)𝒎 + 𝑡𝒏 = 0𝒎 + 𝜆𝒏

−−→
𝑂𝐵 = 𝒏. The right-hand side has no 𝒎 term.

3

5
− 𝑡 = 0 Compare the coefficients of 𝒎.

𝑡 =
3

5
Add 𝑡 to both sides. Comparing 𝒏 coefficients
also gives 𝜆 = 𝑡.

𝐴𝑃 : 𝑃𝐵 = 3 : 2 𝐴𝑃 is three fifths of 𝐴𝐵, so 𝑃𝐵 is the remaining
two fifths.
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3A Finding ratios using parallel lines ****

Q25 ****
𝑂𝐴𝐵 is a triangle with

−−→
𝑂𝐴 = 𝒎 and

−−→
𝑂𝐵 = 𝒏.

𝑀 lies on 𝑂𝐴 with 𝑂𝑀 : 𝑀𝐴 = 3 : 2. 𝑃 lies on 𝐴𝐵

and 𝑀𝑃 is parallel to𝑂𝐵.
Use vectors to find 𝐴𝑃 : 𝑃𝐵.

𝑂

𝐴

𝐵

𝑀

𝑃
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3A Finding ratios using parallel lines ****

Q26 ****
𝑂𝐴𝐵 is a triangle with

−−→
𝑂𝐴 = 2𝒎 and

−−→
𝑂𝐵 = 3𝒏.

𝑃 lies on 𝐴𝐵.
−−→
𝐴𝑃 = 𝑡

−−→
𝐴𝐵 and

−−→
𝑂𝑃 = (1+𝑠)𝒎+(2𝑠+1)𝒏.

Find 𝑠 and 𝑡.

𝑂 𝐴

𝐵

𝑃
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3A Finding ratios using parallel lines ****

Q27 ****
𝑂𝐴𝐵𝐶 is a parallelogramwith

−−→
𝑂𝐴 = 𝒎 and

−−→
𝑂𝐶 = 𝒏.

𝑀 is the midpoint of 𝐵𝐶. 𝑋 lies on 𝐴𝐶 and 𝑀𝑋 is
parallel to𝑂𝐵.
Use vectors to find 𝐴𝑋 : 𝑋𝐶.

𝑂 𝐴

𝐵𝐶 𝑀

𝑋
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3A Finding ratios using parallel lines ****

Q28 ****
𝐴𝐵𝐶 is a triangle with

−−→
𝐴𝐵 = 𝒎 and

−−→
𝐴𝐶 = 𝒏.

𝐷 lies on 𝐵𝐶 with 𝐵𝐷 : 𝐷𝐶 = 2 : 3. 𝐸 lies on 𝐴𝐶

and
−−→
𝐷𝐸 = 𝑘 (2𝒎 − 𝒏).

(a) Find 𝑘 .

(b) Find 𝐴𝐸 : 𝐸𝐶.

𝐴

𝐵

𝐶

𝐷𝐸
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3B ****

Finding where two lines intersect
Example Problem

𝐴𝐵𝐶𝐷 is a trapeziumwith
−−→
𝐴𝐵 = 𝒎,

−−→
𝐴𝐷 = 𝒏 and

−−→
𝐷𝐶 = 2𝒎.

𝐸 is the midpoint of 𝐴𝐷 and 𝐹 is the midpoint of 𝐵𝐶. 𝐴𝐹 and 𝐵𝐸 intersect at 𝑃.

Find 𝐴𝑃 : 𝑃𝐹.

𝐴

𝐵

𝐶
𝐷

𝐸
𝐹𝑃

The idea

1. Find 𝐴𝐹 and 𝐵𝐸 by combining the given vectors along
routes.

2. Write
−−→
𝐴𝑃 = 𝑡

−−→
𝐴𝐹 and

−−→
𝐵𝑃 = 𝑠

−−→
𝐵𝐸 . The two unknown

numbers describe the position of the same point 𝑃 on
two different lines.

3. Express 𝐴𝑃 in two ways and compare coefficients. This
gives two simultaneous equations in 𝑠 and 𝑡.

4. Solve them and convert 𝑡 into the requested ratio 𝐴𝑃:𝑃𝐹.

𝒎

𝒏

2𝒎

𝐴

𝐵

𝐶

𝐷

𝐸
𝐹

𝑃

𝐴𝐸 : 𝐸𝐷 = 1 : 1

𝐵𝐹 : 𝐹𝐶 = 1 : 1
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3B Finding where two lines intersect

Worked Solution

1. Find the two lines through P

−−→
𝐵𝐶 =

−−→
𝐵𝐴 + −−→

𝐴𝐷 + −−→
𝐷𝐶 Follow 𝐵 to 𝐴 to 𝐷 to𝐶.

−−→
𝐵𝐶 = −𝒎 + 𝒏 + 2𝒎 = 𝒎 + 𝒏 Substitute the three given vectors and simplify.

−−→
𝐵𝐹 =

1

2
(𝒎 + 𝒏) 𝐹 is the midpoint of 𝐵𝐶.

−−→
𝐴𝐹 =

−−→
𝐴𝐵 + −−→

𝐵𝐹 Follow A to 𝐵 to 𝐹.

−−→
𝐴𝐹 = 𝒎 + 1

2
(𝒎 + 𝒏) Substitute the expression for 𝐵𝐹.

−−→
𝐴𝐹 =

3

2
𝒎 + 1

2
𝒏 Expand and collect terms.

−−→
𝐴𝐸 =

1

2
𝒏 𝐸 is the midpoint of 𝐴𝐷.

−−→
𝐵𝐸 = −𝒎 + 1

2
𝒏 Follow 𝐵 to 𝐴 to 𝐸 .

2. Describe AP in twoways

−−→
𝐴𝑃 = 𝑡

−−→
𝐴𝐹 Let 𝑡 be the fraction of 𝐴𝐹 from 𝐴 to 𝑃.

−−→
𝐴𝑃 =

3𝑡

2
𝒎 + 𝑡

2
𝒏 Multiply the expression for 𝐴𝐹 by 𝑡.

−−→
𝐵𝑃 = 𝑠

−−→
𝐵𝐸 Use a separate unknown 𝑠 for the fraction of 𝐵𝐸

from 𝐵 to 𝑃.
−−→
𝐴𝑃 =

−−→
𝐴𝐵 + −−→

𝐵𝑃 Follow A to 𝐵 to 𝑃.

−−→
𝐴𝑃 = 𝒎 + 𝑠(−𝒎 + 1

2
𝒏) Substitute the expression for 𝐵𝐸 .

−−→
𝐴𝑃 = (1 − 𝑠)𝒎 + 𝑠

2
𝒏 Expand and collect terms.
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3B Finding where two lines intersect

Worked Solution - continued

3. Solve the simultaneous equations

3𝑡

2
= 1 − 𝑠 Compare the coefficients of 𝒎 in the two

expressions for 𝐴𝑃.
𝑡

2
=

𝑠

2
Compare the coefficients of 𝒏.

𝑡 = 𝑠 Multiply the second equation by 2.

3𝑡

2
= 1 − 𝑡 Substitute 𝑠 = 𝑡 into the first equation.

3𝑡 = 2 − 2𝑡 Multiply both sides by 2.

5𝑡 = 2, 𝑡 =
2

5
Collect the terms in 𝑡, then divide by 5.

𝐴𝑃 : 𝑃𝐹 = 2 : 3 𝐴𝑃 is two fifths of 𝐴𝐹; 𝑃𝐹 is the remaining three
fifths.
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Avalon MATHS VECTOR RATIOS AND INTERSECTIONS

3B Finding where two lines intersect ****

Q29 ****
𝑂𝐴𝐵 is a triangle with

−−→
𝑂𝐴 = 𝒎 and

−−→
𝑂𝐵 = 𝒏.

𝑃 lies on 𝑂𝐴 with 𝑂𝑃 : 𝑃𝐴 = 1 : 2. 𝑄 lies on 𝑂𝐵

with𝑂𝑄 : 𝑄𝐵 = 2 : 1. The lines 𝐴𝑄 and 𝐵𝑃meet at
𝑅.

(a) Find 𝐴𝑅 : 𝑅𝑄.

(b) Find 𝐵𝑅 : 𝑅𝑃.

𝑂 𝐴

𝐵

𝑃

𝑄

𝑅
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3B Finding where two lines intersect ****

Q30 ****
𝐴𝐵𝐶𝐷 is a trapezium with

−−→
𝐴𝐵 = 𝒎,

−−→
𝐴𝐷 = 𝒏 and

−−→
𝐷𝐶 = 3

2𝒎.
𝐸 lies on 𝐴𝐷 with 𝐴𝐸 : 𝐸𝐷 = 1 : 2. 𝐹 lies on 𝐵𝐶

with 𝐵𝐹 : 𝐹𝐶 = 2 : 1. 𝐴𝐹 and 𝐵𝐸 intersect at 𝑃.

(a) Find 𝐴𝑃 : 𝑃𝐹.

(b) Find 𝐵𝑃 : 𝑃𝐸 .

𝐴

𝐵

𝐶

𝐷

𝐸
𝐹

𝑃
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3B Finding where two lines intersect ****

Q31 ****
𝐴𝐵𝐶 is a triangle with

−−→
𝐴𝐵 = 𝒎 and

−−→
𝐴𝐶 = 𝒏.

𝐷 lies on 𝐵𝐶 with 𝐵𝐷 : 𝐷𝐶 = 1 : 2. 𝐸 lies on 𝐴𝐶

with 𝐴𝐸 : 𝐸𝐶 = 2 : 3. 𝐴𝐷 and 𝐵𝐸 intersect at 𝑃.

(a) Find
−−→
𝐴𝑃 in terms of 𝒎 and 𝒏.

(b) Find 𝐵𝑃 : 𝑃𝐸 .

𝐴

𝐵

𝐶

𝐷

𝐸
𝑃
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3B Finding where two lines intersect ****

Q32 ****
𝐴𝐵𝐶 is a triangle with

−−→
𝐴𝐵 = 𝒎 and

−−→
𝐴𝐶 = 𝒏.

𝐷 lies on 𝐴𝐵 with 𝐴𝐷 : 𝐷𝐵 = 2 : 1. 𝐴𝐶 is extended
beyond𝐶 to 𝐸 with𝐶𝐸 = 𝐴𝐶. The straight lines𝐶𝐷

and 𝐵𝐸 , extended as necessary, meet at 𝑃.

(a) Find
−−→
𝐴𝑃 in terms of 𝒎 and 𝒏.

(b) Find 𝐵𝑃 : 𝑃𝐸 .

(c) Does 𝑃 lie between 𝐵 and 𝐸 , beyond 𝐵, or
beyond 𝐸? Justify your answer using a vector
relation from your working.

𝐴

𝐵

𝐶
𝐷

𝐸 𝑃
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3C *****

Finding a second intersection
Example Problem

𝐴𝐵𝐶𝐷 is a parallelogramwith
−−→
𝐴𝐵 = 𝒎 and

−−→
𝐴𝐷 = 𝒏.

𝐸 lies on 𝐴𝐵 with 𝐴𝐸 : 𝐸𝐵 = 1 : 2. 𝐹 lies on 𝐷𝐶 with 𝐷𝐹 : 𝐹𝐶 = 2 : 1. 𝐴𝐹 and 𝐷𝐸 intersect at 𝑃. The straight
line 𝐵𝑃meets 𝐴𝐷 at𝑄.

Find 𝐴𝑄 : 𝑄𝐷.

𝐴 𝐵

𝐶𝐷

𝐸

𝐹

𝑃𝑄

The idea

1. Use the intersection of 𝐴𝐹 and 𝐷𝐸 to find 𝐴𝑃.

2. Use that result to express 𝐴𝑄 by travelling A to 𝐵 to𝑄.

3. 𝑄 lies on 𝐴𝐷, so 𝐴𝑄 has no 𝒎 term. Use this to locate𝑄.

4. Convert the fraction of 𝐴𝐷 into 𝐴𝑄:𝑄𝐷.

𝒎

𝒏

𝐴 𝐵

𝐶𝐷

𝐸

𝐹

𝑃

𝑄

𝐴𝐸 : 𝐸𝐵 = 1 : 2

𝐷𝐹 : 𝐹𝐶 = 2 : 1
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3C Finding a second intersection

Worked Solution

1. Locate P

−−→
𝐴𝐹 =

2

3
𝒎 + 𝒏 Follow A to 𝐷 to 𝐹. 𝐷𝐹 is two thirds of 𝐷𝐶.

−−→
𝐷𝐸 =

1

3
𝒎 − 𝒏 Follow 𝐷 to 𝐴 to 𝐸 . 𝐴𝐸 is one third of 𝐴𝐵.

−−→
𝐴𝑃 = 𝑡

−−→
𝐴𝐹 Introduce the unknown fraction 𝑡 along 𝐴𝐹.

−−→
𝐴𝑃 =

2𝑡

3
𝒎 + 𝑡𝒏 Multiply the expression for 𝐴𝐹 by 𝑡.

−−→
𝐷𝑃 = 𝑠

−−→
𝐷𝐸 Use a second unknown for the position of 𝑃 on

𝐷𝐸 .
−−→
𝐴𝑃 = 𝒏 + 𝑠(1

3
𝒎 − 𝒏) Follow A to 𝐷 to 𝑃.

−−→
𝐴𝑃 =

𝑠

3
𝒎 + (1 − 𝑠)𝒏 Collect the multiples of each vector.

2𝑡

3
=

𝑠

3
, 𝑡 = 1 − 𝑠 Comparing coefficients gives two simultaneous

equations.

𝑠 = 2𝑡 Multiply the first equation by 3.

𝑡 = 1 − 2𝑡 Substitute 𝑠 = 2𝑡 into the second equation.

𝑡 =
1

3
Solve 3𝑡 = 1.

−−→
𝐴𝑃 =

2

9
𝒎 + 1

3
𝒏 Substitute 𝑡 into the expression for 𝐴𝑃.
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3C Finding a second intersection

Worked Solution - continued

2. Use P to locate Q

−−→
𝐵𝑃 =

−−→
𝐵𝐴 + −−→

𝐴𝑃 Find the direction from 𝐵 through 𝑃.

−−→
𝐵𝑃 = −7

9
𝒎 + 1

3
𝒏 Subtract 𝒎 from the expression for 𝐴𝑃.

−−→
𝐵𝑄 = 𝑢

−−→
𝐵𝑃 Introduce a new number 𝑢 to locate𝑄 on the line

𝐵𝑃.
−−→
𝐴𝑄 = 𝒎 + 𝑢(−7

9
𝒎 + 1

3
𝒏) Follow A to 𝐵 to𝑄.

−−→
𝐴𝑄 = (1 − 7𝑢

9
)𝒎 + 𝑢

3
𝒏 Expand and collect terms.

1 − 7𝑢

9
= 0 𝑄 is on 𝐴𝐷. 𝐴𝑄 is a multiple of 𝒏, with no 𝒎

term.

𝑢 =
9

7
Solve for the multiplier along 𝐵𝑃.

−−→
𝐴𝑄 =

3

7
𝒏 Substitute 𝑢 into the remaining coefficient.

𝐴𝑄 : 𝑄𝐷 = 3 : 4 𝐴𝑄 is three sevenths of 𝐴𝐷;𝑄𝐷 is the remaining
four sevenths.
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3C Finding a second intersection *****

Q33 *****
𝐴𝐵𝐶𝐷 is a parallelogramwith

−−→
𝐴𝐵 = 𝒎 and

−−→
𝐴𝐷 = 𝒏.

𝐸 lies on 𝐴𝐵 with 𝐴𝐸 : 𝐸𝐵 = 2 : 3. 𝐹 lies on 𝐷𝐶

with 𝐷𝐹 : 𝐹𝐶 = 3 : 1. 𝐴𝐹 and 𝐷𝐸 intersect at 𝑃.
The straight line 𝐵𝑃meets 𝐴𝐷 at𝑄.
Find 𝐴𝑄 : 𝑄𝐷.

𝐴

𝐵

𝐶

𝐷

𝐸

𝐹

𝑃
𝑄
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3C Finding a second intersection *****

Q34 *****
𝐴𝐵𝐶𝐷 is a trapezium with

−−→
𝐴𝐵 = 𝒎,

−−→
𝐴𝐷 = 𝒏 and

−−→
𝐷𝐶 = 2𝒎.
𝐸 is the midpoint of 𝐵𝐶. 𝐹 lies on 𝐴𝐷 with 𝐴𝐹 :

𝐹𝐷 = 1 : 2. 𝐴𝐸 and 𝐵𝐹 intersect at 𝑃. The straight
line𝐶𝑃meets 𝐴𝐵 at𝑄.
Find 𝐴𝑄 : 𝑄𝐵.

𝐴
𝐵

𝐶
𝐷

𝐸
𝐹 𝑃

𝑄
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Q35 *****
𝑂𝐴𝐵 is a triangle with

−−→
𝑂𝐴 = 𝒎 and

−−→
𝑂𝐵 = 𝒏.

𝑀 lies on 𝐴𝐵 with 𝐴𝑀 : 𝑀𝐵 = 2 : 1. 𝑃 lies on𝑂𝑀

with 𝑂𝑃 : 𝑃𝑀 = 3 : 1. 𝐴𝑃 meets 𝑂𝐵 at 𝑄, and 𝐵𝑃

meets𝑂𝐴 at 𝑅.

(a) Find𝑂𝑄 : 𝑄𝐵.

(b) Find𝑂𝑅 : 𝑅𝐴.

(c) Is 𝑄𝑅 parallel to 𝐴𝐵? Justify your answer using
vectors.

𝑂 𝐴

𝐵

𝑀

𝑃

𝑄

𝑅
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Q36 *****
𝐴𝐵𝐶𝐷 is a parallelogramwith

−−→
𝐴𝐵 = 𝒎 and

−−→
𝐴𝐷 = 𝒏.

𝐸 lies on 𝐴𝐵 with 𝐴𝐸 : 𝐸𝐵 = 1 : 2. 𝐹 lies on 𝐷𝐶

with 𝐷𝐹 : 𝐹𝐶 = 𝑟 : 1, where 𝑟 > 0. 𝐴𝐹 and 𝐷𝐸

intersect at 𝑃. The straight line 𝐵𝑃meets 𝐴𝐷 at𝑄.

(a) Given 𝐴𝑄 : 𝑄𝐷 = 5 : 6, find 𝑟.

(b) Challenge: show that 𝐴𝑄 : 𝑄𝐷 = (𝑟 + 1) : 2𝑟 for
every 𝑟 > 0.

𝐴 𝐵

𝐶𝐷

𝐸

𝐹

𝑃
𝑄
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Solving a vector problem: tips and tricks
1. Draw or copy the diagram. Label the given vectors, ratios and parallel lines.
2. Find a route from the starting point of the vector you need to its finishing point. Add the vectors along it;
reverse a sign when travelling backwards.

3. Use a letter for an unknown fraction along a line, for example
−−→
𝐴𝑃 = 𝑡

−−→
𝐴𝐵.

4. Look for a second route to the same point. Equate the two expressions. For parallel vectors, write one as a
multiple of the other.

5. When the two reference vectors are non-parallel, compare coefficients to form equations. Solve them,
then convert any fractions into the requested ratios.
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