
Avalon MATHS CONGRUENCE AND GEOMETRIC PROOF

GCSE MATHS Congruence and geometric proof

Worked Solutions

Q1 *

𝐴𝐵 = 𝐷𝐸

𝐵𝐶 = 𝐸𝐹

𝐴𝐶 = 𝐷𝐹

All three corresponding sides are equal.

△𝐴𝐵𝐶 � △𝐷𝐸𝐹 (𝑆𝑆𝑆) Apply the three-side test.

Q2 **

𝐴𝐵 = 𝐷𝐸

𝐴𝐶 = 𝐷𝐹

Two side pairs are equal.

∠𝐵𝐴𝐶 = ∠𝐸𝐷𝐹 The equal angle lies between the given sides.

SAS Use side-angle-side.

Q3 **

ASA Twomatching angles and the corresponding side
are equal.

Q4 **

RHS The right angle, hypotenuse and one other side
match.

Q5 **

AAA is not a congruence test Matching angles fix shape but not size.

Q6 ***

Not always The third vertex may have two possible positions,
giving triangles with different remaining sides
and angles.
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Q7 **

𝐴𝐵 ↔ 𝐷𝐸 Amatches 𝐷 and 𝐵matches 𝐸 .

𝐷𝐸 = 7 cm Corresponding sides are equal.

Q8 **

𝐶 ↔ 𝐹 Match the vertices in order.

∠𝐷𝐹𝐸 = 52◦ Corresponding angles are equal.

Q9 **

𝐴 ↔ 𝑄

𝐶 ↔ 𝑅

Match the first and third vertices.

𝐴𝐶 ↔ 𝑄𝑅 Join their matching endpoints.

Q10 ***

3𝑥 + 1 = 16 Corresponding sides are equal.

𝑥 = 5 Subtract one, then divide by three.

Q11 ***

2𝑥 + 3 = 5𝑥 − 9 ⇒ 𝑥 = 4 Equate the corresponding sides.

2(4) + 3 = 11 cm Substitute back.

Q12 ***

2𝑥 + 10 = 5𝑥 − 20 ⇒ 𝑥 = 10 Corresponding angles are equal.

∠𝐴 = 2(10) + 10 = 30◦ Calculate the requested angle.
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Q13 ****

(a) 𝐴𝐵 = 𝐴𝐶

𝐵𝑀 = 𝐶𝑀

Use the equal sides and the midpoint.

𝐴𝑀 = 𝐴𝑀 The side is common.

△𝐴𝐵𝑀 � △𝐴𝐶𝑀 (𝑆𝑆𝑆) All three side pairs match.

(b) 𝐴𝐵 = 𝐴𝐶

𝐵𝑀 = 𝐶𝑀

𝐴𝑀 = 𝐴𝑀

Three side pairs match.

△𝐴𝐵𝑀 � △𝐴𝐶𝑀 (𝑆𝑆𝑆) Apply SSS.

∠𝐵𝐴𝑀 = ∠𝑀𝐴𝐶 Corresponding angles are equal, so 𝐴𝑀 bisects
the angle.

(c) △𝐴𝐵𝑀 � △𝐴𝐶𝑀 (𝑆𝑆𝑆) 𝐴𝐵 = 𝐴𝐶, 𝐵𝑀 = 𝐶𝑀 and 𝐴𝑀 is common.

∠𝐴𝑀𝐵 = ∠𝐴𝑀𝐶 Corresponding angles are equal.

2∠𝐴𝑀𝐵 = 180◦ The equal angles form a straight line.

∠𝐴𝑀𝐵 = 90◦ Hence 𝐴𝑀 is perpendicular to 𝐵𝐶.

Q14 ***

𝐴𝐵 = 𝐴𝐶

𝐴𝐷 = 𝐴𝐷

Use the equal sides and shared side.

∠𝐵𝐴𝐷 = ∠𝐷𝐴𝐶 𝐴𝐷 is an angle bisector.

△𝐴𝐵𝐷 � △𝐴𝐶𝐷 (𝑆𝐴𝑆) The angle is included.

𝐵𝐷 = 𝐷𝐶 Corresponding sides are equal.
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Q15 ****

(a) 𝑃𝐴 = 𝑃𝐵

𝑄𝐴 = 𝑄𝐵

𝑃𝑄 = 𝑃𝑄

Match the three side pairs.

△𝑃𝐴𝑄 � △𝑃𝐵𝑄 (𝑆𝑆𝑆) Use SSS.

(b) △𝑃𝐴𝑄 � △𝑃𝐵𝑄 (𝑆𝑆𝑆) Use 𝑃𝐴 = 𝑃𝐵,𝑄𝐴 = 𝑄𝐵 and common 𝑃𝑄.

∠𝐴𝑃𝑄 = ∠𝑄𝑃𝐵 Corresponding angles at 𝑃 are equal.

Q16 ***

∠𝐵𝐴𝐶 = ∠𝐷𝐶𝐴 𝐴𝐵 is parallel to 𝐷𝐶.

∠𝐵𝐶𝐴 = ∠𝐷𝐴𝐶 𝐵𝐶 is parallel to 𝐴𝐷.

𝐴𝐶 = 𝐶𝐴 The diagonal is common.

△𝐴𝐵𝐶 � △𝐶𝐷𝐴 (𝐴𝑆𝐴) Use two equal angles and their common side.

Q17 ***

△𝐴𝐵𝐶 � △𝐶𝐷𝐴 (𝐴𝑆𝐴) Alternate angles match and 𝐴𝐶 is common.

𝐴𝐵 = 𝐶𝐷 Corresponding sides of the congruent triangles
are equal.

Q18 ****

∠𝐵𝐴𝑂 = ∠𝐷𝐶𝑂 𝐴𝐵 is parallel to𝐶𝐷.

∠𝐴𝐵𝑂 = ∠𝐶𝐷𝑂 Use the same parallel sides and the other
diagonal.

𝐴𝐵 = 𝐶𝐷 Opposite sides are equal, as allowed.

△𝐴𝐵𝑂 � △𝐶𝐷𝑂 (𝐴𝑆𝐴) The included corresponding sides match.

𝐴𝑂 = 𝐶𝑂 Corresponding sides are equal.
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Q19 ****

𝐴𝑂 = 𝐶𝑂

𝐵𝑂 = 𝐷𝑂

Use the given bisected diagonals.

∠𝐴𝑂𝐵 = ∠𝐶𝑂𝐷 Vertically opposite angles are equal.

△𝐴𝑂𝐵 � △𝐶𝑂𝐷 (𝑆𝐴𝑆) The equal angle is included.

∠𝐴𝐵𝑂 = ∠𝐶𝐷𝑂 Corresponding angles are equal.

𝐴𝐵 ∥ 𝐶𝐷 Equal alternate angles imply parallel lines.

Q20 ****

𝐴𝐵 = 𝐴𝐷

𝐵𝐶 = 𝐶𝐷

𝐴𝐶 = 𝐴𝐶

Use the kite sides and shared diagonal.

△𝐴𝐵𝐶 � △𝐴𝐷𝐶 (𝑆𝑆𝑆) Three side pairs match.

∠𝐵𝐴𝐶 = ∠𝐶𝐴𝐷 Corresponding angles prove the bisection.

Q21 ****

𝐴𝐵 = 𝐴𝐶

𝐴𝐸 = 𝐴𝐷

Match the side pairs.

∠𝐵𝐴𝐸 = ∠𝐶𝐴𝐷 Both are the angle 𝐵𝐴𝐶.

△𝐴𝐵𝐸 � △𝐴𝐶𝐷 (𝑆𝐴𝑆) Use the included angle.

𝐵𝐸 = 𝐶𝐷 Corresponding third sides are equal.
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